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This paper discusses the natural convection heat transfer in an inclined triangular enclosure ﬁlled with
Cu-water nanoﬂuid saturated porous medium in the presence of heat generation effect. Two symmetric
heat sources are located at the bottom and left walls of the enclosure while the remaining parts are
thermally insulated. The inclined wall of the enclosure is considered to be cold. The partial differential
equations governing the problem are transformed to a dimensionless form and solved numerically using
an implicit ﬁnite difference method. The obtained results are presented in terms of streamlines, iso-
therms, local Nusselt number and average Nusselt number. It is found that a good enhancement in the
average Nusselt number can be obtained by an increase in the nanoparticle volume fraction. Also, an
increase in the heat generation parameter leads to a decrease in the average Nusselt number.
© 2015 Karabuk University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Many researchers were interested in studying the natural
convective heat transfer in a ﬂuid-saturated porous media because
of its applications in thermal insulation systems, geothermal en-
gineering, porous heat exchangers, food storage, underground
disposal of nuclear waste materials, oil separation from sand by
steam, electronic device cooling etc. A representative review of
these applications and other heat transfer applications in porous
media may be found in the recent books of Vafai [1]. Nield and
Bejan [2] and Ingham and Pop [3] contributed to awide overview of
this important area in heat transfer of porous media. There are
many published studies related to natural convection in rectan-
gular porous enclosures. Moya et al. [4], Bejan [5], Prasad and
Kulacki [6], Baytas and Pop [7], Beckerman et al. [8], Gross et al. [9],
Lai and Kulacki [10], Monale and Lage [11], and Walker and Homsy
[12] have contributed many important results for this problem.
Nanoﬂuids have attracted a signiﬁcant attention about one
decade ago Choi [13]. Mahmoudi et al. [14] used the LatticeAhmed).
ersity.
d hosting by Elsevier B.V. This is aBoltzmann method (LBM) to study the natural convection in an
open cavity ﬁlled with a watereAl2O3 nanoﬂuid and subjected to a
magnetic ﬁeld in the presence of heat generation or absorption.
They found that the nanoparticle effect is more important for heat
generation condition (q > 0) than heat absorption condition (q < 0).
Bourantas et al. [15] numerically studied the problem of natural
convection of a nanoﬂuid in a square cavity ﬁlled with a porous
matrix. A numerical study was presented by Garoosi et al. [16].
discussing natural and mixed convection heat transfer of a nano-
ﬂuid (Al2O3ewater) in a laterally-heated square cavity. They
observed that at low Rayleigh and high Richardson numbers, the
particle distribution is fairly non-uniform while at high Rayleigh
and low Richardson numbers particle distribution remains almost
uniform for free andmixed convection cases, respectively. Mansour
et al. [17] discussed steady natural convection cooling of a localized
heat source at the bottomwall of an enclosure ﬁlled with Cu-water
nanoﬂuid for a variety of thermal boundary conditions at the
sidewalls. Their results show that the increase in the solid volume
fraction decreases the natural convection ﬂow whereas it increases
the rate of heat transfer.
For natural convection inside a triangular porous enclosure,
Mansour et al. [18] studied numerically the problem of double-
diffusive convection with sinusoidal variation of boundary condi-
tions in the presence of a heat source or sink. They found that then open access article under the CC BY-NC-ND license (http://creativecommons.org/
Table 1
Thermo-physical properties for the base ﬂuid and the nanoparticles.
Property Water Copper (Cu)
r 997.1 8933
Cp 4179 385
k 0.613 401
b 21  105 1.67  105
Table 2
Grid independency study at Ra ¼ 105; Da ¼ 103; B ¼ D ¼ 0:5; Q ¼ 1; F ¼ p6;
f ¼ 5%:
Grid size 3131 4141 6161 8181 101101
Num 6.3283 6.1371 6.2721 6.2999 6.2436
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wood numbers increase as the triangle inclination angle increases;
however, further increase in the inclination angle leads to opposite
behaviors. Tzeng et al. [19] presented a numerical simulation-aided
parametric analysis of natural convection in a roof of triangular
enclosures. Ahmed et al. [20] presented the numerical modeling of
a steady, laminar natural convection ﬂow in a triangular enclosure
partially heated from below and with a cold inclined wall ﬁlled
with Cuewater nanoﬂuid having variable thermal conductivity and
viscosity. They observed that there are clear enhancements in the
local Nusselt number along the heat source that can be obtained by
increase the solid volume fraction. The problem of double-diffusive
convection in inclined ﬁnned triangular porous enclosures for
various thermal and concentration boundary conditions and in the
presence of heat source or sink was studied by Chamkha et al. [21].
They observed that the rates of heat and mass transfer tend to in-
crease as the inclination angle increases, whereas a decrease in the
Darcy number causes a decrease in the average Nusselt and Sher-
wood numbers. The problem of natural convection in porous
triangular enclosures with the effects of thin ﬁn was studied by
Varol et al. [22]. The results show that the thin ﬁn can be used as a
passive control element for ﬂow ﬁeld, temperature distribution and
heat transfer.
A Study of the heat transfer enhancement using nanoﬂuids in-
side triangular enclosures was neglected in all the previous in-
vestigations except that of Ahmed et al. [20]. However, Ahmed et al.
[20] neglected the case of inclined triangular enclosures with two
symmetric heat source embedded in the left and bottom walls in
the presence of heat generation/absorption effect. So, the main
objective of this paper is to study the effect of the heat generation/
absorption on the natural convection cooling of heat sources
embedded in the left and bottom walls of triangular enclosures
ﬁlled with Cuewater nanoﬂuid saturated porous medium. The
partial differential equations are solved using the ﬁnite difference
method and the obtained results are presented in terms of
streamlines and isotherms as well as the local and average Nusselt
number.
2. Mathematical modeling
Consider steady two-dimensional laminar natural convection in
an inclined triangular porous enclosure ﬁlled with Cuewater
nanoﬂuid as depicted in Fig. 1. Two symmetric heat sources are
located at the bottom and left walls of the enclosure while the
remaining parts are thermally insulated. The inclined wall of the
enclosure is considered to be cold. The properties of the ﬂuid areFig. 1. Physical model and coordinate system.isotropic and homogeneous everywhere. Also, the enclosure is
assumed to have a uniform heat source with a constant volumetric
heat generation/absorption rate. The viscous, radiation, and Joule
heating effects are neglected. The density is assumed to be a linear
function of temperature. Also, thermo-physical properties for the
base ﬂuid and the nanoparticles are shown in Table 1. Under these
assumptions, the equations for conservation of mass, momentum
and energy in rectangular coordinate systems are given by:
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In Eqs. (1)e(4), x and y are Cartesian coordinates measured
along the horizontal and vertical walls of the cavity respec-
tively, u and v are the velocity components along the x- and y-
axes respectively, T is the ﬂuid temperature, p is the ﬂuid
pressure, g is the gravity acceleration, K is the permeability, Q0
is the volumetric heat generation/absorption rate, r is the
density, n is the kinematic viscosity, b is the thermal expansion
coefﬁcient, Ф is the inclination angle, a is the thermal diffu-
sivity, CP is the speciﬁc heat and nf, c refer to nanoﬂuid and
cold, respectively.Table 3
Comparison of Num at (B ¼ 0.4, D ¼ 0.5, f ¼ 10%, Q ¼ 0, F¼0)
Ra Ahmed et al. [20] Present
103 5.450 5.450
104 5.475 5.475
105 7.204 7.204
106 14.014 14.014
Fig. 2. Streamlines and isotherms at Da ¼ 103, 4 ¼ 0.05, Ra ¼ 105, Q ¼ 1, B ¼ 0.5, D ¼ 0.5.
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Fig. 2. (continued).
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u ¼ v ¼ 0; 0  x  H at wall y ¼ 0
u ¼ v ¼ 0; 0  y  H at wall x ¼ 0
u ¼ v ¼ 0; T ¼ Tc at diagonal wall
vT
vx
¼  q
00
knf
; ðd 0:5bÞ  y  ðdþ 0:5bÞ
and
vT
vx
¼ 0; otherwise at wall x ¼ 0
vT
vy
¼  q
00
knf
; ðd 0:5bÞ  x  ðdþ 0:5bÞ
and
vT
vy
¼ 0; otherwise at wall y ¼ 0
(5)
In this study, the effective density of the nanoﬂuid, the heat
capacitance of the nanoﬂuid and the thermal expansion coefﬁcient
of the nanoﬂuid are, respectively, given as:
rnf ¼ ð1 4Þrf þ 4rp (6)

rcp

nf ¼ ð1 4Þ

rcp

f þ 4

rcp

p (7)
ðrbÞnf ¼ ð1 4ÞðrbÞf þ 4ðrbÞp (8)
where, 4 is the solid volume fraction of the nanoﬂuid, rf and rp are
the densities of the ﬂuid and of the solid fractions respectively, bf
and bp are the coefﬁcients of thermal expansion of the ﬂuid and of
the solid fractions respectively.
Thermal diffusivity, anf of the nanoﬂuid is deﬁned by Oztop and
Abu-Nada [23] as:
anf ¼
knf
rcp

nf
(9)
In Eq. (9), knf is the thermal conductivity of the nanoﬂuid which
for spherical nanoparticles, according to the Maxwell-Garnetts
model [24], is:
knf
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¼

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
 24

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

kp þ 2kf

þ 4

kf  kp
 (10)
The effective dynamic viscosity of the nanoﬂuid based on the
Brinkman model [25] is given bymnf ¼
mf
ð1 4Þ2:5
(11)
where mf is the viscosity of the ﬂuid fraction.
Introducing the following dimensionless set:
X ¼ x
H
; Y ¼ y
H
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H
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H
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2
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2
f
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00H
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2
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f $af
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Substituting Eq. (13) into Eqs. (1)e(5) yields the following
dimensionless equations:
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where Pr ¼ nf
af
; Ra ¼ gbfDTH3
nf af
; Da ¼ KH2 are respectively the Prandtl
number, the Rayleigh number and the Darcy number.
The boundary conditions now take the following form:
U ¼ V ¼ 0 ; 0  X  1 at wall Y ¼ 0
U ¼ V ¼ 0; 0  Y  1 at wall X ¼ 0
U ¼ V ¼ q ¼ 0 ; at diagonal wall
Fig. 3. Streamlines and isotherms at Da ¼ 103, 4 ¼ 0.05, Ra ¼ 105 Q ¼ 1, D ¼ 0.5, F ¼ p/4.
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0.1
Fig. 4. Streamlines and isotherms at Ra ¼ 105, f ¼ 0.05, Q ¼ 1, D ¼ 5, B ¼ 0.5, F ¼ p/6.
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vY
¼  kf
knf
; D 0:5B  X  Dþ 0:5B and vq
vY
¼ 0; otherwise at wall Y ¼ 0
vq
vX
¼  kf
knf
; D 0:5B  Y  Dþ 0:5B and vq
vX
¼ 0;
otherwise at wall X ¼ 0
(18)
The local Nusselt number along the heat sources is deﬁned as:Nus ¼

1
ðqÞheat source

X¼0;Y¼0
(19)
And the average Nusselt number is deﬁned as:
ðNumÞY¼0 ¼
1
B
ZDþ0:5*B
D0:5*B
NusdX; ðNumÞX¼0 ¼
1
B
ZDþ0:5*B
D0:5*B
NusdY
(20)
Num ¼ ðNumÞY¼0 þ ðNumÞX¼02 (21)
Fig. 5. Streamlines and isotherms at Da ¼ 103, Ra ¼ 105, Q ¼ 1, D ¼ 5,B ¼ 0.5,F ¼ p/6.
M.A. Mansour, S.E. Ahmed / Engineering Science and Technology, an International Journal 18 (2015) 485e495 4913. Numerical method
In the present study, the iterative ﬁnite difference method is
used to solve the dimensionless governing Eqs. (14)e(17) subject to
their corresponding boundary conditions given in Eq. (18).
Approximation of convective terms is based on a second order
upwind ﬁnite differencing scheme, which correctly represents the
directional inﬂuence of a disturbance. Table 2 shows an accuracy
tests using the ﬁnite difference method using ﬁve sets of grids:
31  31, 41  41, 61  61, 81  81, 101  101. There is a good
agreement was found between 61  61 and 81  81 grids, so the
numerical computations were carried out for(61  61) and
(81  81) grid nodal points. As convergence criteria, the dependent
variables were calculated iteratively until the relative differencebetween the current and the previous iterations reaches 105. This
method was found to be suitable and gave results that are very
close to the numerical results obtained by Ahmed et al. [20] for
non-inclined triangular enclosure. As we can see from Table 3 the
present results give an excellent agreement with the results ob-
tained by the authors mentioned above. These favorable compari-
sons lend conﬁdence in the numerical results to be reported
subsequently.
4. Results and discussion
The present results are obtained for wide ranges of the gov-
erning parameters. In this study the inclination angle F varies
from 0 to 270, the heat sources length B from 0.2 to 0.8, the
Fig. 6. Streamlines and isotherms at Da ¼ ¼103,Ra ¼ 105, f ¼ 0.05,D ¼ 5, B ¼ 0.5, F ¼ p/6.
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tion parameter Q from 0 to 4, the Darcy number Da from 103 to
106, the Rayleigh number from 103 to 106 and the heat sources
location D from 0.3 to 0.7. In all the obtained results, the Prandtl
number Pr was ﬁxed at 6.2 which represents water as the base
ﬂuid.
Fig. 2 shows the streamlines and isotherms for Cu water
nanoﬂuid for different values of the triangle inclination angle F at
Da ¼ 103, 4 ¼ 0.05 , Ra ¼ 105, Q ¼ 1, B ¼ 0.5, D ¼ 0.5. It is
observed that, for all values of F, the ﬂuid ﬂow is represented byone clockwise circular cell inside the triangle while the isotherms
are distributed inside the whole triangle. For non-inclined enclo-
sure, F¼0, the ﬂow occupies the whole triangle except small
areas near the corners of the triangle. Increasing F to 30

, a
weaker convective ﬂow is obtained compared to F¼0. Also the
streamlines are compressed from the top corner and extended
towards the bottom right corner. At F¼120, the ﬂuid motion
concentrates in the bottom half of the triangle. At F¼240, the
ﬂuid ﬂow decreases compared with F¼120 and the streamlines
stretch towards the top corner. At F¼270, a strong convective
Fig. 7. Proﬁles of the local Nusselt number along the heat source at Da ¼ 103,
4 ¼ 0.05, Ra ¼ 105,Q ¼ 1, D ¼ 0.5,F ¼ p/4.
Fig. 9. Variation of the average Nusselt number at Da ¼ 103, Ra ¼ 105, F ¼ p/4,
D ¼ 0.5, 4 ¼ 0.05.
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concentrated near the bottom heat source. The reason for all these
behaviors is due to the buoyancy force that varies with the vari-
ation of the inclination angle F. Regarding the isotherms, there are
non-isotherms areas near the bottom left corner at
F ¼ 120,240,270, but this area disappears at the low values of F
(F¼0,30). Except this behavior, there is no clear effect of the
variation of F on the isotherms.
Fig. 3 displays the streamlines and isotherms for different
values of the heat sources length B at Da ¼ 103, 4 ¼ 0.05 ,
Ra ¼ 105, Q ¼ 1, D ¼ 0.5, F ¼ p/4. For all values of B, the ﬂuid ﬂow
is seen to be symmetric about the center line of the triangle. At
B ¼ 0.2 there are four clockwise and anticlockwise circular cells
formed inside the triangle. Two of them are big cells and formed
beside the heat sources. The other cells are small and formed near
the bottom right corner and the top left corner. Effect of the
presence of heat sources becomes dominant as B increases. This
can be noted from the cells which form beside the heat sources.
These cells become bigger while the other two cells become small
and ultimately disappear at high values of B. The isotherms in-
crease as the heat sources length increases. The maximum tem-
perature, also, increases as B increases. The reason for all theseFig. 8. Variation of the average Nusselt number atDa ¼ 103, Ra ¼ 105,Q ¼ 1, D ¼ 0.5,
F ¼ p/4.behaviors is the total heat input that increases as the heat sources
length increase.
Fig. 4 shows the contours of streamlines and isotherms for
different values of Darcy number Da at Ra¼ 105, f¼0.05, Q¼1, D¼5,
B¼0.5,F¼p/6. It is observed that, the ﬂuidmotion is represented by
one clockwise vortex inside the triangle for all values of Da. Addi-
tionally, the isotherms distribute inside the whole triangle except
small region near the lower left corner. As the Darcy number de-
creases, the ﬂuid ﬂow decreases while the maximum temperature
increases. This behavior can be attributed to the permeability of
porous medium that decreases as the Darcy number decreases. As
well known, the decrease in the permeability increases the resis-
tance to ﬂuid motion which decreases the rate of heat transfer and
increases the maximum temperature.
Fig. 5 displays the effect of the nanoparticle volume fraction f
on the ﬂuid ﬂow and heat transfer characteristics represented by
streamlines and isotherms contours at Da ¼ 103, Ra ¼ 105, Q ¼ 1,
D ¼ 5, B ¼ 0.5, F¼p/6. It is clear that, for pure water (f ¼ 0), there
are three clockwise and anticlockwise vortices can be seen inside
the triangle and a good thermal enclosure can be obtained. The
increase in the nanoparticle volume fraction results in a decrease
in the natural convection ﬂow. This behavior can be noted from
the streamlines features which form one clockwise vortex for all
values of f greater than zero. The reason for this decrease can beFig. 10. Variation of the average Nusselt number at 4 ¼ 0.05, Ra ¼ 105, Q ¼ 1, D ¼ 0.5,
F ¼ p/4.
Fig. 13. Variation of the average Nusselt number at Da ¼ 103, Ra ¼ 105, f ¼ 0.05,
Q ¼ 1, B ¼ 0.5, D ¼ 0.5.
Fig. 11. Proﬁles of the local Nusselt number along the heat source at Da ¼ 103,
4 ¼ 0.05, Ra ¼ 105, Q ¼ 1, B ¼ 0.5, F ¼ p/4.
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increases. As well known, more viscous ﬂuid have small rate of
ﬂow.
Fig. 6 depicts the contours of streamlines and isotherms for
different values of heat generation parameter Q at
Da ¼ 103; Ra ¼ 105; f ¼ 0:05; D ¼ 5;B ¼ 0:5; F ¼ p6: It can be
seen that, the ﬂuid motion is represented by one clockwise vortex
inside the enclosure for all values of the heat generation param-
eter Q. The increase of Q causes acceleration of the ﬂuid motion
and enhancement in the maximum temperature. In fact, the in-
crease in the heat generation parameter means the increase in
heat acquired for the nanoﬂuid which enhances the natural con-
vection ﬂow.
The effects of the heat source length B, the nanoparticle volume
fraction f and the heat generation parameter Q on the local Nusselt
along the heat sources and the average Nusselt number are pre-
sented in Figs. 7e9. It is observed that as the heat sources length
increases both the local Nusselt number and average Nusselt
number decrease. This can be attributed to the total heat input that
increases as B increases which results in an increase in the heat
source temperature and consequently decreases the local and
average Nusselt number. The same effect is noted when the heatFig. 12. Variation of the average Nusselt numberDa ¼ 103, Ra ¼ 105, Q ¼ 1, B ¼ 0.5,
F ¼ p/4.generation increases. This behavior is due to the inverse relation
between the Nusselt number and the heat sources temperature
represented by Eq. (19). However, an increase in the nanoparticle
volume fraction results in a clear enhancement of the average
Nusselt number. This is due to the thermal conductivity of the
nanoﬂuid which increases by increase the nanoparticle volume
fraction.
The effects of Darcy number Da, heat sources locations D and
triangle inclination angle F on the rate of heat transfer represented
by the local Nusselt number along the heat sources and the average
Nusselt number are depicted in Figs. 10e14. It is observed that a
clear increase of Num can be obtained by increase Darcy number. In
fact, the increase in Da means the increase in the permeability of
the porousmedium that reduces the resistance to the ﬂuid ﬂowand
consequently decreases the heat source temperature and increases
the average Nusselt number. The increase in D also, increases the
local Nusselt number. The increase in Dmeans that the heat sources
move towards bottom right corner and top left corner which gives a
reduction in heat source temperature. Fig. 10 shows that the effect
of the inclination angle is signiﬁcant at the low values of D (D ¼ 0.3
and D ¼ 0.4). In these cases the average Nusselt number takes a
wave-like behavior due to periodic values of F. Fig. 14 shows that,Fig. 14. Proﬁles of the local Nusselt number along the heat source Da ¼ 103, 4 ¼ 0.05,
Ra ¼ 105, Q ¼ 1, B ¼ 0.5, F ¼ p/4.
Fig. 15. Proﬁles of the local Nusselt number along the heat source Da ¼ 103, f ¼ 0.05,
Q ¼ 1, B ¼ 0.5, D ¼ 0.5, F ¼ 0.
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the low proﬁles is taken at F ¼ 2p/3.
Fig. 15 displays the local Nusselt along the heat source Nus for
different values of the Rayleigh number at Da ¼ 103, f¼0.05, Q¼1,
B¼0.5, D¼0.5, F¼0. It is observed that, the local Nusselt number
increases as Ra increases. In fact, the increase in Ra means the in-
crease in the temperature difference in the ﬂuid region that means
the increase in the buoyancy force which enhances the natural
convection and in turn increases the local Nusselt number.
5. Conclusions
In the current study, a numerical simulation of the natural
convection inside the triangular enclosure ﬁlled with nanoﬂuid
saturated porous medium in the presence of the heat generation
effect was presented. Water was considered a base ﬂuid and copper
considered as nanoparticles. The governing equations were pre-
sented in dimensional forms then converted to dimensionless
forms using suitable transformations. The resulting non-
dimensional forms of the equations were solved numerically us-
ing an implicit ﬁnite difference method. The different effects of the
governing parameters were discussed using wide ranges of these
parameters. From this study, it can be concluded that:
1. The increase in heat sources length leads to increase in the
maximum temperature inside the enclosure. It also, causes the
ﬂuid ﬂow to concentrate beside the heat sources.
2. A clear reduction in both local Nusselt number and average
Nusselt number is obtained by increase the heat sources length,
whereas, a good support in the rate of heat transfer is obtained
by increase the nanoparticle volume fraction.
3. As the heat generation parameter increases the average Nusselt
number decreases.
4. A good enhancement of the average Nusselt number is obtained
by increase the Darcy number.
5. The average Nusselt number increases by increase the heat
sources location.6. An angle of inclination of F ¼ 2p/3 gives the lowest rate of heat
transfer whereas, non-inclined triangle has the largest rate of
heat transfer.References
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